ESSENTIALmaths:

Written
Calculation
Progression

HERTS FOR LEARNING
PRIMARY MATHS TEACHING AND LEARNING TEAM

. Herts
¢ for Learning
© Herts for Learning Ltd - 2019 Mo may e ="

ESSENTIA maths




Written Calculation Progression

This document maps the Herts for Learning (HfL) ESSENTIALmaths pathway to the
required written formal calculation methods as outlined in the National Curriculum (2013)
Mathematics Appendix 1: Examples of formal written methods for addition, subtraction,
multiplication and division.

The HfL ESSENTIALmMaths Written Calculation Progression links the key concrete
experiences with pictorial and abstract representations (written symbolic and spoken). This
supports pupils to move with confidence and deep conceptual understanding through each
strand of calculation.

The Importance of Mental Mathematics

While this policy focuses on written calculation in mathematics, HfL ESSENTIALmaths
recognises the importance of mental strategies and known facts that form the basis of all
calculations. A range of mental strategies are developed throughout ESSENTIALmaths.
Pupils are provided with frequent opportunities to compare and evaluate different
calculation strategies. This helps them develop an understanding that efficiency is
personal and based on the numbers involved.

Concrete, Pictorial and Abstract

Concrete manipulatives

Concrete manipulatives are objects that can be touched and moved by pupils to introduce,
explore or reinforce a mathematical concept. They provide a vehicle to help pupils make
sense of complex, symbolic and abstract ideas through exploration and manipulation.
Furthermore, they support the development of internal models and help build stronger
memory pathways.

Pictorial (including jottings)

The act of translating the concrete experience into a pictorial representation helps focus
attention on what has happened and why. This supports deeper understanding and a
stronger imprint on memory. Pictorial representations are more malleable than concrete
resources and, once understanding is secured, allow exploration of complex problems that
may be challenging to reproduce with manipulatives.

Abstract - Written

The aim, within this policy, is for compacted forms of notation. These have developed
through the history of mathematics. Explicit individual steps in procedure are hidden or
they have been shortcut. The informal and expanded methods expose all the intermediate
steps, replicating thought processes more closely and support understanding prior to
compaction.
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https://assets.publishing.service.gov.uk/government/uploads/system/uploads/attachment_data/file/238967/Mathematics_Appendix_1.pdf.
https://assets.publishing.service.gov.uk/government/uploads/system/uploads/attachment_data/file/238967/Mathematics_Appendix_1.pdf.

Abstract - Spoken

Learning to use the correct mathematical vocabulary is vital for the development of
mathematical proficiency. The ability to articulate accurately allows pupils to communicate

and build meaning. Ideas become more permanent. This can be scaffolded effectively
using speaking frames.
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Addition and Subtraction

Addition

Step 4: Expanded written method; regrouping of ones (2-
digit numbers)

Step 3: Formal written method; regrouping of ones (3-digit

Subtraction

Step 5: Expanded written subtraction; a 2-digit number
from a 2-digit number with regrouping.

Step 2: Formal written subtraction; regrouping tens into

numbers)

Ry SR A EO

Step 4: Formal written method; regrouping of tens and
ones (3-digit numbers)

Ry RO o RO 408

Step 2: Formal written method; regrouping in hundreds,

ones (up to 3-digit numbers)

B

Step 4: Formal written subtraction; regrouping hundreds
and tens (up to 3-digit numbers)

Step 6: Formal written subtraction; regrouping of

tens and ones (4-digit numbers)*

Step 2: Formal column addition*

thousands*

Step 3: Formal column subtraction*

[ * indicates that the step is not explicitly exemplified within this progression, as it is a revisit or extension of previously taught ]
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Written Calculation Progression

Multiplication and Division

Multiplication Division

) e . . Step 3: Long division (sharing structure); no regrouping (2-
Step 4: Short multiplication; regrouping of ones into tens digit dividend)

Step 2: Long division (sharing structure); regrouping
hundreds into tens (up to 3-digit numbers by 1-digit divisor)

Dol e SSOO SO st shon s Gharny st ok cor |
q
5LS11 | Step 1: Short multiplication; up to 3-digit numbers (revisit)* | 5LS12 | Step 2: Short division (grouping structure); regrouping tens (8
ﬁ

(D

Step 3: Long multiplication; regrouping in first stage only, Step 4: Short division (grouping structure); expressing %

2-digit by 2-digit numbers guotients with fractions 5

-]

41.S24 | Step 4: Short multiplication; no regrouping (revisit)* 4L.S25

Step 5: Short multiplication, up to 2 decimal places by 1- Step 2: Long division (grouping structure); up to 4-digit
digit number dividend by 2-digit divisor

Year 6 additional examples

Step 5: Long division (grouping structure); up to 4-digit
6LS17  dividend by 2-digit divisor - expressing quotients with

decimals
[ * indicates that the step is not explicitly exemplified within this progression, as it is a revisit or extension of previously taught ]
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NC Statement:
Add and subtract numbers using concrete objects, pictorial representations, and mentally, including:

Year 2 - a two-digit number and ones
- a two-digit number and tens
- two, two-digit numbers

2L.S15 Step 3: Expanded written method with no regrouping (2-digit numbers)

Concrete Pictorial Abstract - Written symbolic
Tens Ones Tens Ones
D D D LI 40 3
Il I
o|joo|o|o + 30 5
||| Ll — g
- Q.
—+
[ }locoes LI [ 43 +35=78 ] S
Abstract - Speaking frame Notes:
e N Using'embedd(.ed tens frame supports pupils to
organise ones in preparation for regrouping.
The s®€nones éammes is ... ones.
The sw©en eonfs éaned € tiesns .
Soé + i eqéalens@eaomdkes, which i
\_ J
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NC Statement:

Year 2

- two, two-digit numbers

Add and subtract numbers using concrete objects, pictorial representations, and mentally, including:
- a two-digit number and ones
- a two-digit number and tens

2L.S15 Step 4: Expanded written method with regrouping of ones (2-digit numbers)

Concrete

Tens Ones

Pictorial

Tens Ones

olo[ofalo
o] =)
II o|ofo oo

————

1BEEEE
£

________

e
fMaswms i
1 1
l sswewm |
L~
r
]

Abstract - Written symbolic

50 + 7
+ 20 + 5
80 +12

/2
10

[ 57 +25=92 J

>
o
o
=3
o
S

Abstract - Speaking frame

Notes:

© Herts for Learning Ltd - 2019

2 A\ Pupils should be encouraged to estimate first
Theuméoodnes éammdes i s . .. one and check their answer using a mental
This is regtemp@ddient o method.

The 9®mens éamhetiens. Using embedded tens frame supports pupils
Soé + iés eqé &lens @amdes wahi ¢ to rapidly see the regroup and to keep their
\_ ' ) jottings organised.
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NC Statement:
Add and subtract numbers with up to three digits, using formal written methods of columnar addition and

Year 3 subtraction

3LS8 Step 2: Formal written addition with no regrouping (up to three-digit numbers)

Concrete Pictorial Abstract - Written symbolic
Hundreds Tens Ones Hundreds Tens Ones
. 1 4 2
B |1l ool -
I oooo I:”:l ... t 3 3 4 >
+ + 0 |l 47 6 1
[ = =
S=ian ] . —
el E=TTIE -
[ 142 + 334 =476 ]
Abstract - Speaking frame Notes:
3LS8 Step 2 revisits the formal written
f . p . \ method, first encountered in Year 2, with no
The s eno noefs eamrde s 'S o ones regrouping but introduces hundreds.

The s©n eonfs éamhetiens.

, ‘ - . Pupils should be encouraged to estimate first
Th e S Lenh uonfd,r e cesh La,mdzlr eed h;,u nared: and check their answer using a mental
So0é + ies eqéaaaundoetdsns eaomdc s, method.
whicé i s

- J
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NC Statement:

Add and subtract numbers with up to three digits, using formal written methods of columnar addition and
Year 3 subtraction

3LS8 Step 3: Formal written addition with regrouping of ones (up to three-digit numbers)

Concrete Pictorial Abstract - Written symbolic
Hundreds Tens Ones Hundreds ||Tc-ins Ones 2 4 7
O00@pOo DD ::u-
LRE
. "I —— + 0O || 3 82 >
+ Q
- Tz : =
IIIII | B " o
e / [ 247 + 135 = 382 ] S
IF
Abstract - Speaking frame Notes:
f \ The focus is on regrouping of ones.
The s nonefs eammMes i s ... ones : : ,
i ; L. Pupils should be encouraged to estimate first
The s©en eonfs eamdh tiesn s . and check their answer using a mental
The s @nhunfdr e dshwmdr eédlsun ar ed s method.
Soé + é&és egéaundoéetens éaomdk s,
whicé i s
_ ),
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NC Statement:

Year 3

subtraction

Add and subtract numbers with up to three digits, using formal written methods of columnar addition and

3LS8 Step 4: Formal written addition with regrouping tens only (up to three-digit numbers)

>
o
o
=3
o
S

Concrete Pictorial Abstract - Written symbolic
Hundreds Tens Ones Hundreds Tens Ones
" 2 7 6
- LLE o
+ 50
s ""I + 32 6
f_
L I""." g 00 | 1
L
./ o) [ 276 + 50 = 326 ]
D/
Abstract - Speaking frame Notes:
K , , . N The focus is on regrouping of tens.
Th e S Lem) noef S, camrde S ! 'S ones. Pupils should be encouraged to estimate first
This 1Is re@git eupe&domickenst o and check their answer using a mental
The s#nt eonfs éamech $tiens . method.
The s@enuvonfdr e ddsh lamdr eédlsun &dr ed s .
So0é + és eqéaundogetdsns eéaomdkes, wh.i
\_ J
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NC Statement:

>
o
o
=3
O
S

Year 3 Add and subtract numbers with up to three digits, using formal written methods of columnar addition and
subtraction
3LS8 Step 4: Formal written addition with regrouping tens and ones (up to three-digit numbers)
Concrete Pictorial Abstract - Written symbolic
Hundreds Tens Ones Hundreds Tens Ones 2 7 6
. ""l II guuuu DI:' I " sanns
- t__ 56
" i ¥ 332
FRRRRE ool p— a4
Bl [T o= T 1
il )
Ml / /
./ I 7 276 + 56 = 332
Abstract - Speaking frame Notes:
Pupils should be encouraged to estimate first

/ , , . \ and check their answer using a mental

The s w©enonefs éammdes I s . ones. method.

This I s r e g teuwns & @omidenst . o Once pupils have fully understood and

The s©en eonfs éamhetiens. rehearsed regrouping within formal

Thi s i s r e g h o m [01 e @ distn darmsd column addition of 3-digit numbers, this

; i ) " learning continues to be rehearsed and
The s©enuvonfdr e ddsh lamdr eédlsun &dr eds .

So0é + i eqéaundoetdsns eéaomdce s ,
\

e
J'/

applied throughout Years 4, 5 and 6,
including to 4-digit numbers, larger
numbers, decimal numbers, money and

measures.

Page 10 of 38

© Herts for Learning Ltd - 2019

¢~ for Learning

el -

we e

maths



NC Statement: b
add and subtract numbers using concrete objects, pictorial representations, and mentally, including:
Year 2 - a two-digit number and ones
- a two-digit number and tens
- two, two-digit numbers.
2L.S17 Step 4: Expanded written subtraction, a 2-digit number from a 2-digit number with no regrouping
Concrete Pictorial Abstract - Written symbolic
Tens Ones Tens Ones 80+7
? O|o|0|R|X
[ B | - +
—— I I I I 55 XX 30+4
871 34 =53
Abstract - Speaking frame Notes:
Pupils should be encouraged to estimate first
f N and check their answer using a mental
e ones t alkeonaewsayléanes. method.
étens t akd eamwa Yyéetaevress.
So0é -éi s eqgaulméng éaomckes, whi.clt
\_ J
J
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NC Statement:
add and subtract numbers using concrete objects, pictorial representations, and mentally, including:

Year 2 - a two-digit number and ones
- a two-digit number and tens
- two, two-digit numbers.

2LS17 Step 5: Expanded written subtraction, a 2-digit number from a 2-digit number with regrouping

Concrete Pictorial Abstract - Written symbolic

60 13

S L Tens Ones
I | 40 + 3
I I | e _ 40 + 6
Tens Ones

""I o BG ** XK 20 + 7
7371 46 =27

Tens Ones

Abstract - Speaking frame Notes:

/ N Using embedded tens frame supports pupils
| can see thatnbhgheoaersnf o&d omest wi ti)]toregroupaccuratelyand tokeep their

regrouping. jottings organised.

Regroup one ten into ten ones.

There asdeenswames. arendét enough ones fo

? ones ta Iﬁeeo naewsa yl,a—:‘ aves. ones without regrouping. Regroup one ten

etens taé&eeasayeetaevress. into ten ones. There are now 6 tens and 13
Soéiéis eqgauaéng éaomdes, which 1is ones. 0

\_ J

Speaking frame note: fl can see that there
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NC Statement: f R

Add and subtract numbers with up to three digits, using formal written methods of columnar addition and
Year 3 subtraction

3LS9 Step 1: Formal written subtraction with no regrouping (up to 3-digit numbers)

Concrete Pictorial Abstract - Written symbolic

Hundreds Tens Ones Hundreds Tens Ones 3 4 5

|13} | oo mill e 2124

2 21

345171 124 =221

Abstract - Speaking frame Notes:
Pupils should be encouraged to estimate first

K \ and check their answer using a mental

e ones talkeonaewsayléeanes. method.

étens t akd eawsa Yyéetaevress.

€ hundr eds téahkuen darweadysé headesds .

Soéiéis egéaaundoéeétdens éaomdkes, whi
g J
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Year 3

NC Statement:

subtraction

Add and subtract numbers with up to three digits, using formal written methods of columnar addition and

3LS9 Step 2: Formal written subtraction T regrouping tens into ones only (up to 3-digit numbers)

Concrete Pictorial
Tens Ones
I"" Tens Ones
Tens Ones | I I
a8 888
=m[=]a]s | i o X XXX

|I"I o
o
I/

3

Abstract - Written symbolic
810
-2 4
56

80T 24 =56

Abstract - Speaking frame

KI can seeatdmaenomegise f or me ﬁ

,

e ones without regrouping.
Regroup one ten into ten one
There aé& eenswamds.
e ones t alkeoneway éanes.
etensake @awans I|éetaevress.

0

' é i s egeutaéng éaomce s , V\éhi.ChJ
J

Notes:

It is important that pupils understand that 80
has been regrouped into 70 and 10. If pupils
struggle with the compact notation refer to
2L.S17 Step 5 for the expanded method.
Speaking frame note:

il can see that ther
me to take away 4 ones without regrouping.
Regroup one ten into ten ones. There are
now ten ones and zero ones. 10 ones take
away 4 ones leaves six ones. 7 tens take
away 2 tens leaves 5 tens. So, 801 24 is
equal to 5 tens and

e

6
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NC Statement: 8 b

Year 3 Add and subtract numbers with up to three digits, using formal written methods of columnar addition and
subtraction

3LS9 Step 3: Formal written subtraction T regrouping hundreds into tens only (up to 3-digit numbers)

Concrete Pictorial Abstract - Written symbolic

Hundreds Tens Ones

2~ 1
II o Hundreds Tens Ones /Z 2 3

e TE I A
WA | BT

I"ﬂ 3231 141 =182
Abstract - Speaking frame Notes:
K N It is important that pupils start to identify
é ones t a léeo naewsa yl ée anes. where regrouping is necessary.

I can see tdeartoudlertee mg efnoré menso Ensure that pupils are confident that the
minuend may have been regrouped but it is

wi t hout regroupit ng. _ still of equal value prior to subtraction.
Regroup one hundred into ten hund

There aé& bBundwe dst eamd.

etens t akd eamwa Yéetaevress.

€ hundr eds téahkuen darwveadysé head esd s

So '

iTéi s eqé& &lumibadést, ens é aomde s , wehly

/
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NC Statement:

Year 3

subtraction

Add and subtract numbers with up to three digits, using formal written methods of columnar addition and

3LS9 Step 4: Formal written subtraction - regrouping hundreds and tens (up to 3-digit numbers)

Concrete
Hundreds Tens Ones
Oooo
Hundreds Tens Ones
oooo

v RO

Pictorial

Hundreds Tens Ones

X
m

I
I

(]
X

Abstract - Written symbolic

9
7% !
226
17 8

40417 226 =178

Abstract - Speaking frame

-

I wi | | need to
T one hundred i
f one ten i1 nto

\_

regroup
nt o
teatemssf.aomde n.ow

€ éru ntde regest &am

~

J

Notes:

Speaking frame hint: This is not a complete
speaking frame. It is structured to support
pupils with the language of regroup only.

Once pupils have fully understood and
rehearsed regrouping within formal
subtraction, this learning continues to be
rehearsed and applied throughout Years
4, 5 and 6, including to multi-digit, decimal
numbers, money and measures.
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NC Statement:

Write and calculate mathematical statements for multiplication and division using the multiplication tables that
Year 3 they know, including for two-digit numbers times one-digit numbers, using mental and progressing to formal
written methods

3LS26 Step 3: Introducing short multiplication with no regrouping

Concrete Pictorial - Jottings Abstract - Written symbolic
Tens Ones 1 2
| (2)x2 = (s
— | &= (2, (3 — =
BasasEEn oo 3 6 —
(9)x3 - () 36 5
j=2
=
[ 12 x3 =36 ] Q)
=i
@
Abstract - Speaking frame Notes: =
f \ Pupils have already met the _dis'_[ributive law
p . L (3LS18) and rehearsed multiplying by ten
€ gr oupésormdse orses. (3LS25).
€ gr oupést eerf € tiesns . The focus of this step is support pupils in
6 temseslded otnoa s making the connection between informal
i L distributive approach and the formal layout.
The pro&dand i &f
Speaking frame note:
K ) A3 groups of 2 ones i
ten is 3 tens. 3 tens added 6 ones is 36.
The productof12 and 3 i s 36.
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Year 3

NC Statement:

written methods

Write and calculate mathematical statements for multiplication and division using the multiplication tables that
they know, including for two-digit numbers times one-digit numbers, using mental and progressing to formal

3LS26 Step 4: Short multiplication with regrouping of ones into tens only

Concrete

Tens

Ones

or
r-----

] Dooo | @

| ARaE X3
®

Z

OO '(

Pictorial - Jottings

Abstract - Written symbolic
2 4

X 3
7 2
1

[ 24 X3 =72 J

Abstract - Speaking frame

-

| can

€ gr owgesonese orses.

regooep eiineeroand one (s

€ gr oupést erf € tiesns .
eten(s)
The prodaeand i &f

added to

~

J

Notes:

Pupils have already met the distributive law
(3LS18) and rehearsed multiplying by ten
(3LS25).

The focus of this step is to support pupils in
making the connection between informal
distributive approach and the formal layout.
Speaking frame note:

i 3 @gobduonesis 12 ones. | can regroup
the 12 ones into 1 ten and 2 ones. 3 groups
of 2tensis 6 tens. 1 ten added to 6 tens is 7
tens. The product of
Pupils should be encouraged to consider
whether italicised language in the speaking
frame is required in the calculation.

<
c
=3
j=1
=
=,
@
S
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Year 3

NC Statement:

written methods

Write and calculate mathematical statements for multiplication and division using the multiplication tables that
they know, including for two-digit numbers times one-digit numbers, using mental and progressing to formal

3LS26 Step 5: Short multiplication with regrouping of tens and ones

Concrete Pictorial - Jottings

Abstract - Written symbolic

[ 27 x5=135 }

Abstract - Speaking frame

-

, , . )

€ groupésormdsé arses .
regooep €eitneeroand one ( s’

upést eorf € tiesns .

(s) édddekeedq st)oi s .

eupeihlmencdradl(alst)en(
rodandi@&f .

P J

0)
n
it

Notes:

At this stage, the pictorial representation is
being used as a checking point to ensure
pupils answer accurately. This allows focused
attention on understanding the abstract
recording.

Speaking frame note:

i5 groups of 7 ones i
the 35 ones into 3 tens and 5 ones. 5 groups
of 2 tens is 10 tens. 3 tens added to 10 tens
is 13 tens. | can regroup the 13 tens into 1
hundred and 3 tens. The product of 27 x 5 is
135. 0

<
c
=3
j=1
=
=,
@
S
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